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Preface

The present book is a revised version of Non-Stationary 
Electromagnetics, by Alexander Nerukh, Nataliya Sakhnenko, 
Trevor Benson, and Phillip Sewell. It diff ers from the earlier volume 
by its emphasis on an integral equation approach. Consequently, 
the chapter of the previous book that introduced the diff erential 
method for non-stationary problems is omitted. It is planned that 
such an approach to non-stationary problems will form the basis 
of another self-contained book.
 The book is devoted to the investigations of non-stationary 
electromagnetic processes. It contains results concerning the 
non-stationary electromagnetic processes initiated by time 
variations of material objects. The main idea of the book can be 
characterized by the phrase “Any change makes a path for other 
changes” from Niccolo dei Machiavelli (1469–1527). This book 
off ers a good opportunity to introduce the Volterra integral 
equation method for widespread investigations of electromagnetic 
phenomena. A systematic presentation of this method in the 
time domain provides important theoretical results; the explicit 
mathematical theory is combined with examples of its application 
in electromagnetic devices in microwaves, optoelectronics, and 
photonics where time-domain methods provide a powerful 
modeling tool. Particular consideration is given to electromagnetic 
transients in time-varying media and their potential applications. 
The approach is formulated and electromagnetic phenomena 
are investigated in detail for a hollow metal waveguide, which 
contains a moving dielectric or plasma-bounded medium, and 
for dielectric waveguides with time-varying medium inside the 
core. The content of the present version has been enriched by 
the consideration of the transformation of Airy pulses, which 
provides new insights into the preservation of pulses of complex 
form. Considering the influences of medium changes on 
electromagnetic fields in optoelectronic devices is very important 
for the realistic description of such devices. Many electromagnetic 
phenomena studied in the book may lead to innovative ideas 



xiv

for experimentalists and engineers developing new classes of 
photonic devices.
 This book systematizes and collects almost all pertinent 
results obtained by the authors since the 1970s. Some of these 
results were published in Russian, and some are unpublished 
but may be of interest to the wider electromagnetic community. 
It is a pleasure to express our sincere gratitude to the people 
who contributed to obtaining the results during all these years, 
especially to Peter E. Minko, Oleg N. Rybin, Irina Yu Shavorykina, 
Fedor V. Fedotov, Phillip Sewell, and Nataliya K. Sakhnenko.

Alexander Nerukh
Kharkov, Ukraine

Trevor Mark Benson
No  ingham, UK

2018
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Introduction

Any change in the state of a medium, for example, a change of its 
material properties or movement of its boundaries, aff ects the 
characteristics of an electromagnetic field existing in this medium. 
This influence is very strong, even in the simplest non-dispersive 
electromagnetic structures. As there are two temporal processes 
in this case, medium change and field change, the points of their 
beginnings acquires principal importance and corresponding 
mathematical problems becomes initial-boundary value ones. It 
is evident that a dispersive structure adds new special features 
to the change of the electromagnetic field state, and can greatly 
influence transient electromagnetic processes. In practice, 
waveguides and resonators where the electromagnetic field 
interacts with matter in bounded space areas constrained by 
waveguide or resonator walls are very important dispersive 
structures; the presence of the walls brings a dispersive character 
to electromagnetic wave propagation in the region considered. 
The field interaction with a non-stationary medium acquires 
new features in these conditions. In addition, according to the 
diff erence between the phase and the group velocities of the 
waves conditioned by the dispersion, the importance of taking into 
account some initial time of the interaction process arises. 
This importance increases in the case where a medium or its 
borders move, when the relationship between all three velocities, 
the phase and the group velocities of the waves and the motion 
velocity, begins to play a significant role. Investigations of 
transients in waveguides have a long history, but they have often 
been concerned with the degradation of pulses in stationary 
waveguides, principally metallic waveguides. 

Maxwell’s equations are self-consistent only for electromagnetic 
fields in a vacuum. In a general medium, the constitutive equations 
and boundary conditions complicate significantly both the 
formulation and the solution of electromagnetic problems. Such 
problems become even more complex when the media are not 
only inhomogeneous but also time varying. Such a situation can 
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be met when considering the propagation of electromagnetic 
signals in dielectric or semiconductor waveguides, in particular 
in the context of modulators, pulsed lasers, and frequency 
conversion. The proper description and investigation of the 
physics of these phenomena is motivated by their significant 
importance to optical communication technology; the interactions 
between microwave and optical pulses and semiconductor active 
media in waveguides have, therefore, received considerable 
attention in recent years. The solution of such electromagnetic 
problems has demanded accurate time-domain techniques, 
some variants of which have received widespread attention in 
the literature, mainly owing to their computational superiority 
for solving wide-band problems in comparison with frequency-
domain methods. Unfortunately, most of these techniques are 
focused upon numerical calculations and are not suitable for 
identifying the general features of the phenomena. This is 
especially true for the important case of understanding the 
behavior of the guided modes supported by dielectric optical 
waveguides, a central task in the simulation of integrated optical 
components. 

 F. R. Morgenthaler revealed in 1958 that a temporal change 
in the permittivity of an unbounded medium transforms a 
primary harmonic plane wave to new secondary ones having 
diff erent frequencies but the same wavenumber as the primary 
wave. This general feature is also observed when a plane wave is 
normally incident onto a plane interface between two media, the 
permittivity of one of which changes abruptly. However, in this 
case the spatial structure of waves also becomes more complex. 
Nevertheless, the monochromatic character of the secondary 
waves is not disturbed if the medium is non-dissipative. 
The picture of such phenomena becomes even more complex 
in the case of the oblique incidence of an electromagnetic wave 
onto a plane boundary with a time-varying medium. In this case, 
not only does the structure of the system of monochromatic 
waves become more complex, but a continuous wave spectrum 
also appears. All the circumstances just discussed arise in a 
dielectric waveguide with time-varying media; in this book, a 
time domain integral equation technique is presented that takes 
into account, in one formulation, a complex combination of 
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boundary and initial conditions, as well as permitting the medium 
parameters to change in time. Investigations are made by using 
the evolution approach developed. The approach is applied to 
an investigation of the interaction of a guided wave with a 
medium moving in a rectangular waveguide with perfectly 
conducting walls. The relativistic movement of a non-dispersive 
medium and the eff ects caused by a double-dispersion mechanism, 
waveguide and plasma dispersions, are considered. 

 The need to consider the interaction of optical beams 
with time-varying media is becoming ever more common. 
Applications, such as the production of terahertz sources are 
exploiting the phenomena observed in such circumstances and, as 
data rates increase, designers of switched lasers and modulators 
and similar devices must confront the consequences of these 
interactions. There is a significant literature considering the 
simple case of plane waves interacting with time changes in the 
parameters of open and semi-open regions. However, to date, the 
practically important case of time-variant materials in spatially 
limited and optically confining waveguides has received far 
less attention. The principal objective of this work is provide a 
formal, non-numerical, framework within which to investigate this 
case and it shall be shown that certain general conclusions 
regarding the nature of the optical field in these circumstances 
can be demonstrated. This is clearly an important precursor to 
the detailed numerical analysis of specific configurations in the 
design of a wide variety of novel devices.

 The book is organized as follows. An essential point for 
elaborating a common approach to the investigation of transient 
electromagnetic phenomena is the evolutionary character of such 
phenomena, and an initial moment, when the non-stationarity 
starts, carries an important meaning. The introduction of the 
non-stationarity initial moment is dictated in many cases by a 
necessity to separate the moment of “switching on” the field and 
the moment of the non-stationarity beginning. Non-stationarity, 
which starts at some certain moment of time, is accompanied 
by the appearance of a transient (non- harmonic) field, so-called 
“transients.” These transients can exist for a long time being a 
significant part of a whole field. However, they fall out from 
the field of vision of a stationary approach when all periodic 
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processes are assumed to start at the infinite past. The commonly 
used approximation of the adiabatic “switching on” of a process 
at the infinite past can easily lead to indefiniteness in the 
problem formulation because of the irreversibility of the non-
stationary phenomenon. Therefore, an investigation of non-
stationary electromagnetic phenomena should be based on 
equations, which include a general representation of the medium 
parameters, where an inhomogeneity has a time-dependent 
shape and medium properties inside it. The mathematical 
technique describing transient electromagnetic phenomena 
should contain a description of both continuous and abrupt changes 
of both the field functions and the medium parameters. This 
technique has also to take into account the correlation between 
spatial and temporal changes in the media. Such a correlation 
occurs, for example, when a medium boundary moves in space. 
In this case, a sharp time jump of the medium parameters 
occurs at every fixed point passed by the medium boundary. 

The theory of generalized functions is an adequate mathematical 
technique for treating such problems. The generalized functions 
describe uniformly continuous and discontinuous functions 
of the field and media parameters. Applying this theory to the 
classical electromagnetic equations requires a substitution of 
the generalized derivatives instead of the conventional (classical) 
derivatives with corresponding modification of Maxwell’s 
equations. The mathematical formulation of a non-stationary 
electromagnetic problem into a diff erential equation in the space 
of generalized functions and then conversion of a diff erential 
equation into an integral one is given in Chapter 1. This allows 
one to include all conditions for the fields on the discontinuity 
surfaces (boundaries), as well as at the moments of time changes 
in parameters, directly into the equations. A description is given 
of the causality of the time-spatial evolution of an electromagnetic 
field, and a technique is developed for the consideration of 
problems.

The main phenomena caused by a time changing of an 
unbounded medium are considered in Chapter 2. It is shown 
that medium modulation, by a finite chain of a medium permittivity 
time disturbance, can lead to the appearance of chaotic behavior 
of some field characteristics that is estimated by the calculation 
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of statistical complexity, Hurst’s index and the Lyapunov 
exponent. The dispersive medium is represented by plasma with 
an abrupt change of density and by a magnetized plasma in which 
the magnetization is switched on at some moment of time. A 
wide variety of problems pronounced by the influence of a 
medium boundary on electromagnetic transients is considered 
in Chapter 3. These problems include the normal incidence of a 
plane electromagnetic onto a plane boundary of a dielectric or 
plasma, created at some moment of time, and the evolution of an 
electromagnetic plane wave in the layer of a linear or nonlinear 
dielectric after its creation. The consideration of an Airy pulse 
allows one to investigate triple asymmetry in time-spatial 
structure in a non-stationary environment. The 3D case of a 
bounded medium is considered in Chapter 4, where the resolvent 
operators are derived. It allows one to obtain Fresnel’s formulas 
for a plane boundary appearing at some moment of time. By virtue 
of these operators, a new eff ect, the focusing of secondary waves 
by a non-stationary medium plane boundary, is investigated. A 
more complex medium boundary is represented by a dielectric 
sphere created at some moment of time and by plasma ignition 
in a spherical region.

The interaction of electromagnetic waves with a medium 
moving boundary is investigated in Chapter 5. Resolution of 
moving boundary “paradoxes” that occur when the number of 
supposed waves does not correspond to the number of boundary 
conditions is shown. Peculiarities of the interaction of a wave 
with a moving boundary whose movement begins at zero 
moment are investigated also in this chapter. A sharp origin of 
uniform movement, as well as continuous relativistic uniform 
accelerated movement when velocity changes from zero to 
relativistic value, is considered. Investigation of a collapsing 
dielectric layer reveals energy accumulation in the layer and 
the generation of electromagnetic pulses.

The influence on a guided wave of a moving medium in 
a rectangular waveguide with perfectly conducting walls is 
considered, together with the wave evolution, in Chapter 6. The 
transformation of the guided wave in a waveguide filled by a 
uniform dielectric relativistic moving along the waveguide is 
also investigated. Using these problems as a basis, the possibility 
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to model various phenomena in which electromagnetic waves 
interact with a boundary of a relativistic moving medium in 
the presence of waveguide dispersion is shown. The interaction 
of the electromagnetic field with plasma “flashed” at zero moment 
of time in the waveguide and then uniformly expanding is 
considered. In Chapter 6, it is shown that the interplay between 
phase and group velocities can enhance the interaction of an 
electromagnetic wave with a plasma bunch moving in a metallic 
waveguide and make this interaction very eff ective for small 
values of the bunch.

All the eff ects considered in the previous chapters arise in a 
dielectric or plasma waveguide and resonators with time-varying 
media; this is considered in some detail in Chapter 7. The Volterra 
integral equation is formulated and a corresponding resolvent is 
built. It allows one to investigate the field in a dielectric waveguide 
with a time jump of the core permittivity in a linear as well 
as in a nonlinear regime. Two ways for the calculation of field 
evolution in a dielectric layer (via Brillouin waves or Eigen-waves) 
are also considered. 

Many of these questions were considered in the previous 
edition of the book, Non-Stationary Electromagnetics, but we now 
feel that the discussion there was overburdened by minor 
problems that led to an extensive volume. In this revised edition, 
such secondary questions have been reconsidered or removed. 
These changes have enabled us to reduce the size of the book by 
a factor of around two, so refining the focus on key concepts. 
Chapters 1 and 2 remain practically unchanged; Chapter 1 is 
devoted to the integral equation method itself and the application 
of this method to phenomena in unbounded medium is 
considered in Chapter 2. Chapters 3 and 4 are formed from the 
material that was covered in one chapter of the previous edition. 
As can be imagined, it is reasonable to consider consecutively 
1D problems and 3D ones, which are a development of the 
former. Chapter 3 has been enriched by the consideration of 
the transformation of Airy pulses, which has acquired new 
insights recently in connection with the preservation of pulses of 
complex form. A medium restricted by a plane boundary 
only, but now taking a more complex, spherical, form, is 
considered in Chapter 4. Chapter 5 is the previous Chapter 4, 
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and its content remains practically unaltered, while Chapter 6 of 
this revised edition merges the fifth and sixth chapters of the 
previous edition. Chapter 7 is practically unchanged in 
comparison with the previous edition. Chapter 8 of the previous 
edition is removed, as it does not contain the integral equation 
method and it is planned to use this material as the basis of a 
future separate edition.




